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Most of the theory we will see in this curriculum builds off the general theoretical framework of
Stein’s Method, a tool to obtain bounds on distances between distributions. In Machine Learning
(as we shall later see), distances between distributions can be used to quantify how well (or poorly)
a model is at approximating a certain distribution of interest. We shall start from Stein’s Identity
and Operator, while explaining their theoretical significance and working through some proofs to
get an understanding of some terms (Steins Method, Stein’s Discrepancy) we’ll see in the coming
weeks. Lastly, we will discuss why Stein’s Method has historically been a theoretical tool, and hint
at how ideas from Week 1 (particularly RKHS) can be used in combination with Stein’s Method to
build the tractable discrepancy measure at the center of Week 3’s discussion.
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2 What is Stein’s Method?
Stein’s Method, while gaining popularity in the machine learning world, was originally developed
by Charles Stein [2], and has been used countless amounts of times to bound distances between
distributions, prove generalized central limit theorems, and play important roles in other parts
of theoretical statistics. Generally, Stein’s Method can be seen as a way to bound the distance
between probability distributions.
Usually, we want to show that some arbitrary random variable W is approximately normal, mean-
ing that, given Z - a standard Gaussian random variable:

P(W ≤ x) ≈ P(Z ≤ x) (1)

Generally, we’re looking to show that Eh(W ) = Eh(Z) ∀h such that E(h′(Z)) < ∞, where E[·]
is the usual expectation operator. In the following, we’re going to be working probability measures
P and Q on some measurable space X , with random variables W and Y (which have distributions
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P and Q respectively). In our setting, P will be a complicated distribution (in Week 3, we will
define concretely on what is "complicated" about it), and Q is some simpler distribution - which
we take as the standard normal - that we hope to use to approximate P .

3 The Stein Operator
Currently, our goal is to just decide if P is approximately equal to Q - in later weeks, when we
discuss Stein’s Method in a machine learning context, we will discuss on how to transform P into
Q. We define an operator, called the Stein Operator A : F → R, that requires, for all functions
f ∈ F , the following proposition to hold:

E[Af(Y )] = 0 ∀f ∈ F ⇔ Y ∼ Q (2)

Basically, if the expectation of this operator acting on f(Y ) is zero for all functions in our fam-
ily, we can say that the random variable Y has distribution Q. Stein’s Lemma [1] for normally
distributed random variables X with expectation µ and variance σ2 tells us that, for some proper
choice of g (where the expectation of g is finite), we have:

E[g(X)(X − µ)] = σ2E[g′(X)] (3)

Since we’ve chosen Q to be the standard normal, we can rewrite our original expectation as:

E[f ′(Y )− Y f(Y )] = 0 ∀f ∈ C1 ⇔ Y is normally distributed (4)

This gives us an equivalent form of our operator, allowing us to write:

Af(x) = f ′(x)− xf(x) (5)

4 Stein’s Identity
In our case, why do we care about this? The last form of the operator allows us to rewrite the
operator as:

Af(x) = f ′(x) + f(x)sp(x) (6)

where sp(x) is the (Stein) score function of p: sp(x) = ∇x log p(x) = ∇xp(x)
p(x)

. It’s this form
that will drive next week’s analysis of the Kernelized Stein Discrepancy.
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