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1 Adjoint Method

Consider we are dealing with a constrained optimization problem

min
p
g(u(p),p)

where u(p) ∈ RN is the solution to some equation

f(u(p),p) = 0

If we wish to optimize g using some gradient-type algorithm, we need an efficient way to
compute the derivative of g w.r.t. p ∈ RM :

dg

dp
=
∂g

∂p
+
∂g

∂u

∂u

∂p
(1)

The adjoint method is a general procedure to reduce the computation of dg
dp to solving one

adjoint equation.

1.1 A linear example

Consider the case of a linear function g

g(u) = cTu

where u(p) is the solution to a (parametric) linear system

Au(p) = b(p) (2)

where b : RM → RN and A ∈ RN×N is a fixed matrix. u(p) is the solution to the system
and is thus given by u(p) = A−1b(p). If we derive u w.r.t. to p, we get

∂u

∂p
= A−1

∂b

∂p
(3)

Plugging this into equation (1), we get

dg

dp
=
∂g

∂u

∂u

∂p
= cTA−1

∂b

∂p
(4)

Recall that c is a N dimensional vector, A is a N ×N matrix, and ∂b
∂p is a N ×M matrix.

There are two possible ways to compute the matrix product in the RHS of equation (4):
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•
(
cTA−1

)
∂b
∂p . This results in a computational cost of O(N(N +M)).

• cT
(
A−1 ∂b∂p

)
. This results in a computational cost of O(NM(1 +N)).

Clearly, the first method is more efficient as M > 1. Summarizing, we can re-formulate the
above as

∂g

∂p
= λT

∂b

∂p

where λ is the solution to
ATλ = c

This is basically the main idea of the adjoint method. Notice that, in fact, we moved to
solving a linear system whose matrix is the adjoint of the original linear system (2). In the
following, we see how to apply the same procedure to more involved settings.

1.2 The non-linear case

Consider a generic non-linear function g : RN × RM → R and assume that u(p) is taken to
be the solution to a generic non-linear system

f(u(p),p) = 0

for some f : RN × RM → RN . Deriving the above equation w.r.t. p, we get

0 =
d

dp
f(u(p),p) =

∂f

∂u

∂u

∂p
+
∂f

∂p

Solving for ∂u
∂p , we get

∂u

∂p
= −

(
∂f

∂u

)−1( ∂f
∂p

)
Plugging this into (1), we get

dg

dp
=
∂g

∂p
+
∂g

∂u

∂u

∂p
=
∂g

∂p
− ∂g

∂u

(
∂f

∂u

)−1( ∂f
∂p

)
As before, the efficient way to evaluate the above term is by first computing the product
∂g
∂u

(
∂f
∂u

)−1 and then multiply the resultant matrix with ∂f
∂p . Equivalently, we can define the

adjoint λT as the solution to the equation(
∂f

∂u

)T
λ = −

(
∂g

∂u

)T
and take

dg

dp
=
∂g

∂p
− λT

(
∂f

∂p

)
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1.3 The adjoint method for recurrence relations

Assume we wish to evaluate ∂g
∂p , where g is given by

g = gn
.
= g(xn(p),p)

where x0 = b(p) and xn is defined by the iteration

xk = fk
.
= f(k,xk−1,p) (5)

The derivative ∂g
∂p reads

dg

dp
=
∂gn

∂x

∂xn

∂p
+
∂gn

∂p

and taking the derivative of (5) w.r.t. p we get

∂xk

∂p
=
∂fk

∂x

∂xk−1

∂p
+
∂fk

∂p
= fkxx

k−1
p + fkp

where we used the notations ∂fk

∂x = fkx and similar for other variables. Putting the two
equations together, we get

dg

dp
= gnxx

n
p + gnp

= gnx
(
fnxx

n−1
p + fnp

)
+ gnp

= gnp
(
fnx
(
fn−1x xn−2p + fn−1p

)
+ fnp

)
+ gnp

= gnx
(
fnx f

n−1
x xn−2p + fnx f

n−1
p + fnp

)
+ gnp

= · · ·

= gnp + gnx

( 1∏
i=n

f ix

)
bp +

n∑
i=1

 i+1∏
j=n

f jx

 f ip

 (6)

Equivalently, one can define λk = gnx

(∏k+1
i=n f ix

)
. Then λk verifies the (backward) recurrent

relation

λn = gnx

λk = λk+1fk+1
x (7)

and dg
dp can be evaluated as

dg

dp
= gnp + λ0bp +

n∑
i=1

λif ip

In this case, the adjoint equation (7) is therefore given by a backward recurrent relation.

Question: Compute the computational cost of evaluating dg
dp using formula (6) (naively)

and using the adjoint method. Conclude that the adjoint method is more efficient.
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1.4 ODE constraints

We now turn to the real reason why we are looking into the adjoint method: evaluate dg
dp

where g is given by
g = gT

.
= g(xτ (p),p)

and xτ is the solution to the initial value problem

ẋt = f(t,xt,p)

x0 = b(p)

at time t = τ . In the following, we use the notation xtp for ∂xt

∂p and similar.

The linear case Let’s first consider the easier case where f is a linear function:

x(0) = b(p)

ẋt = Axt

The solution is given by xt = etAb(p). Plugging this into (1), we get

dg

dp
= gτxe

τAbp

Similarly to the linear case, we can call λT = gτxe
τA so that dg

dp = λTbp Notice that now
λ = λ0, where λt solves the (backward in time) ODE

λ̇t = −ATλt

λτ = (gτx)
T

The adjoint equation is therefore given by backward ODE. We can easily see similarity with
the case of a recurrence relation.

The non-linear case It was easy to derive the adjoint equation for the case of a linear
ODE. What about a more general ODE? For simplicity, consider the case of g given by

g = gτ = g(xτ )

where xt solves

ẋt = f(x)

x0 = b(p)

In this case, it’s not that trivial anymore to find xτp. Motivated by the above linear case, we
can think to consider a linearisation of the ODE:

ẋtp = fxx
t
p
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where fx = f tx, which we are assuming here to be well approximated by a constant matrix.
As we saw above, the adjoint equation is given by

λ̇
t
= −(fx)Tλt

and dg
dp =

(
λ0
)T

x0
p. In the general case, simply by analogy, we could try to define the adjoint

ODE by

λ̇
t
= −(f tx)Tλt

λτ = (gτx)
T

Turns out that this choice is actually correct, in the following sense. We know, by definition,
that

dg

dp
= (λτ )Txτp

Moreover, the solution λt to the above ODE satisfies((
λt
)T

xtp

)′
=
(
λ̇t
)T

xtp +
(
λt
)T

ẋtp = −
(
λt
)T

f txx
t
p +

(
λt
)T

f txx
t
p = 0

Therefore
(
λt
)T

xtp ≡
(
λ0
)T

x0
p is constant and thus

dg

dp
= (λτ )Txτp =

(
λ0
)T

x0
p =

(
λ0
)T

bp

which matches the formula for the case of a linear ODE. A computation similar to the previous
considered cases proves the greater efficiency of this formula.

1.5 More

The adjoint method can be generalized, in a very similar fashion, to more involved problems.
For an introduction, we refer to (Strang, 2007). One could also notice some affinities with
backward automatic differentiation, where the use of the chain rule in a backward fashion
allows to compute gradients more efficiently.
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